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ABS TRACT 

F o r  c e r t a i n  space  m i s s i o n s  such  as A A P  1/2, a l o n g  
d u r a t i o n  r equ i r emen t  f o r  solar p o i n t i n g  may e x i s t ,  i f  f i x e d  
s o l a r  p a n e l  arrays are  c o n s i d e r e d  f o r  mee t ing  a s u b s t a n t i a l  
p o r t i o n  o f  t h e  e l e c t r i c a l  power r e q u i r e m e n t s .  I n  t h i s  r e p o r t  
a n  approach  for s t a b i l i z i n g  t h e  AAP 1 / 2  c l u s t e r  c o n f i g u r a t i o n  
i n  a Q u a s i - I n e r t i a l  a t t i t u d e  mode has been i n v e s t i g a t e d .  I n  
t h i s  mode t h e  s p a c e c r a f t  p r i n c i p a l  a x i s  of minimum moment of 
i n e r t i a  o s c i l l a t e s  i n  t h e  o r b i t a l  p l a n e  w i t h  a n  a v e r a g e  o r i e n -  
t a t i o n  normal  t o  t h e  sun  l i n e .  4 

The r e s u l t s  of t h i s  s t u d y  i n d i c a t e  t h a t  t h e  Quasi-  
I n e r t i a l  approach o f f e r s  t h e  p o s s i b i l i t y  of o b t a i n i n g  h i g h  
e f f i c i e n c y .  from f i x e d  s o l a r  p a n e l s  w i t h  r e l a t i v e l y  low RCS f u e l  
consumption.  The degree  of d e g r a d a t i o n  i n  s o l a r  p a n e l  e f f i c i e n c y  
due t o  a t t i t u d e  motion of  t h e  s p a c e c r a f t  abou t  t h e  sun  l i n e  
depends on t h e  pa rame te r  a, t h e  r a t i o  o f  peak aerodynamic t o r q u e  
t o  peak g r a v i t y  g r a d i e n t  t o r q u e .  The d e g r a d a t i o n  i n  e f f i c i e n c y  
i s  o n l y  2 1 %  f o r  t h e  largest  v a l u e  of a e x p e c t e d  ( a = 0 . 4 )  and 
o n l y  3.1% f o r  CY = 0 . 1 2  wh ich  i s  t y p i c a l .  

The a n a l y s i s  i n c l u d e s  a n  e x a c t  s o l u t i o n  of  t h e  space-  
c r a f t  e q u a t i o n s  of motion,  a n  e v a l u a t i o n  of t y p i c a l  i n i t i a l i z a -  
t i o n  r e q u i r e m e n t s  f o r  t h e  mode and a n  es t imate  o f  t h e  RCS f u e l  
consumption.  The r e s u l t s  i n d i c a t e  t h a t  a n  RCS f u e l  r equ i r emen t  
o f  on ly  300 lbs. /mo. appea r s  p o s s i b l e  as compared w i t h  5800 
lbs . /mo.  f o r  m a i n t a i n i n g  an  i n e r t i a l  o r i e n t a t i o n  w i t h  s t a n d a r d  
l i m i t  c y c l e  c o n t r o l .  
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Q u a s i - I n e r t i a l  S t a b i l i z a t i o n  o f  
t h e  AAP 1 / 2  C l u s t e r  C o n f i g u r a t i o n  

1 . 0  I N T R O D U C T I O N  

One o f  t he  o b j e c t i v e s  i n  t h e  Apol lo  A p p l i c a t i o n s  Pro- 
gram i s  t o  a c h i e v e  t h e  c a p a b i l i t y  o f  s u p p o r t i n g  man i n  s p a c e  f o r  
a s  l o n g  as one year .  
u s e  o f  c l u s t e r  c o n f i g u r a t i o n s  such  as t h e  O r b i t a l  Assembly*  
c u r r e n t l y  b e i n g  p l anned  by NASA f o r  t h e  A A P  1 / 2  and 3/4 e a r t h  
o r b i t a l  m i s s i o n s .  
l ead  t o  a p p r e c i a b l e  momentum s t o r a g e  and/or  R C S  f u e l  r e q u i r e -  
ments ,  i f  an  i n e r t i a l  o r i e n t a t i o n  i s  m a i n t a i n e d  f o r  l o n g  p e r i o d s ,  
s i n c e  such  la rge  s p a c e c r a f t  e n c o u n t e r  s u b s t a n t i a l  g r a v i t y -  
g r a d i e n t  and aerodynamic t o r q u e  d i s t u r b a n c e s .  

I n  t h e  AAP 3/4 m i s s i o n ,  i n  which s o l a r  astronomy ex- 
p e r i m e n t s  w i l l  b e  conducted w i t h  t h e  ATM/LM v e h i c l e  docked t o  
t h e  O r b i t a l  A s s e m b l y ,  c o n t r o l  moment gyros ( C M G ' s )  are a v a i l a b l e  
f o r  p r e c i s e  a t t i t u d e  c o n t r o l .  An i n e r t i a l  v e h i c l e  o r i e n t a t i o n  
has been proposed  f o r  t h i s  mis s ion ,**  which takes  maximum advan- 
tage of  t h e  CMG as a momentum exchange d e v i c e .  I n  t h i s  mode t h e  
s p a c e c r a f t  p r i n c i p a l  a x i s  o f  minimum moment o f  i n e r t i a  i s  o r i e n -  
t e d  i n  t h e  o r b i t a l  p l a n e  normal  t o  t h e  s u n  l i n e .  The ATM 
expe r imen t  l i n e - o f - s i g h t  i s  normal  t o  t h i s  a x i s  s o  that  t h e  
e f f e c t  of o r b i t  i n c l i n a t i o n  t o  t h e  e c l i p t i c  p l a n e  and noda l  re- 
g r e s s i o n  can b e  overcome w i t h  a p p r o p r i a t e  roll d i sp lacemen t  
about  t h e  p r i n c i p a l  a x i s  o f  minimum moment o f  i n e r t i a .  The 
advantage  of t h i s  mode i s  t h a t  t h e  components of  g r a v i t y -  
g r a d i e n t  t o r q u e  are p e r i o d i c  e x c e p t  f o r  a small b i a s  component 
due t o  v e h i c l e  asymmetry. 

An approach  f o r  mee t ing  t h i s  g o a l  i s  t h e  

A t t i t u d e  c o n t r o l  o f  such  c o n f i g u r a t i o n s  can 

*The b a s i c  O r b i t a l  Assembly  i s  comprised o f  an  S- IVB Work- 
shop ,  A i r l o c k  Module ( A M ) ,  M u l t i p l e  Docking Adapter  ( M D A )  and 
C S M .  

* * G .  M .  Anderson and W .  W .  Hough, "Hard-Docked ATM Exper i -  
ment Carrier", Bellcomm T e c h n i c a l  Memorandum TM-66-1022-01, 
November 18,  1966.  
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I n  o t h e r  AAP mis s ions  a l o n g  d u r a t i o n  r equ i r emen t  f o r  
s o l a r  p o i n t i n g  may a l s o  e x i s t  s i n c e  t h e  use  o f  f i x e d  s o l a r  p a n e l  
arrays i s  b e i n g  cons ide red  f o r  meet ing  a t  l e a s t  p a r t  o f  t h e  
e l e c t r i c a l  power r equ i r emen t s .  The p o i n t i n g  r equ i r emen t  i s  no t  
as s e v e r e  f o r  s o l a r  p a n e l s  however, s i n c e  a misa l ignment  o f  a 
few d e g r e e s  does n o t  s i g n i f i c a n t l y  degrade t h e  per formance .  
When C M G ' s  a r e  n o t  a v a i l a b l e  f o r  a t t i t u d e  c o n t r o l  as i n  t h e  
AAP 1 / 2  mi s s ion ,  c o u n t e r a c t i n g  t h e  g r a v i t y - g r a d i e n t  and ae ro -  
dynamic d i s t u r b a n c e  t o r q u e  e x p e r i e n c e d  i n  an i n e r t i a l  p o i n t i n g  
mode leads t o  a s u b s t a n t i a l  RCS f u e l  r equ i r emen t .  

The purpose  of t h i s  r e p o r t  i s  t o  d e s c r i b e  a Q u a s i -  
I n e r t i a l  a t t i t u d e  mode which i s  s imi la r  t o  t h e  ATM mode i n  t h a t  
t h e  s p a c e c r a f t  o r i e n t a t i o n  i s  ndminal ly  t h e  same. The d i f f e r e n c e  
i s  t h a t  t h e  s p a c e c r a f t  p r i n c i p a l  a x i s  o f  minimum moment of  
i n e r t i a  o s c i l l a t e s  i n  t h e  o r b i t  p l a n e  about  an  o r i e n t a t i o n  normal 
t o  t h e  sun  l i n e .  S o l u t i o n  of  t h e  e q u a t i o n s  o f  motion i s  c a r r i e d  
o u t  t o  de t e rmine  t h e  maximum d e v i a t i o n  from t h e  nominal  o r i e n t a -  
t i o n  o f  t h e  s p a c e c r a f t  as w e l l  as t h e  i n i t i a l  c o n d i t i o n s  r e q u i r e d  
t o  e s t a b l i s h  t h e  mode. The e f f e c t  o f  aerodynamic t o r q u e  i s  a l s o  
c o n s i d e r e d  and t h e  r e s u l t s  a r e  s u p p o r t e d  by r e s u l t s  o b t a i n e d  f rom 
a d i g i t a l  computer s i m u l a t i o n .  

2 . 0  DESCRIPTION OF THE PROBLEM 

I n  t h i s  s e c t i o n  t h e  geometry a s s o c i a t e d  w i t h  t h e  ATM 
mode i s  reviewed and b a s i c  f e a t u r e s  of a Q u a s i - I n e r t i a l  s t a b i l i -  
z a t i o n  mode are o u t l i n e d .  

2 . 1  Geometr ica l  Aspects  

The g e n e r a l  a t t i t u d e  o r i e n t a t i o n  o f  t h e  s p a c e c r a f t  
p r i n c i p a l  axes  ( x y z )  w i t h  r e s p e c t  t o  an  i n e r t i a l  r e f e r e n c e  co- 
o r d i n a t e  sys t em ( X Y Z )  can b e  s p e c i f i e d  by  t h e  E u l e r  r o t a t i o n  
sequence  ( ~ , e , @ )  shown i n  F i g u r e  1. The l o c a l  v e r t i c a l  p o s i t i o n  
of  t h e  s p a c e c r a f t  i n  o r b i t  i s  d e f i n e d  by t h e  a n g l e  r l .  The space-  
c r a f t  p r i n c i p a l  a x i s  o f  minimum moment o f  i n e r t i a  i s  assumed t o  
be t h e  x a x i s .  I n  t h e  ATM mis s ion  t h e  x a x i s  i s  ma in ta ined  i n  
t h e  o r b i t a l  p l a n e  ( e  = 0 )  and p o s i t i o n e d  normal  t o  the  sun  l i n e  
( Y  r o t a t i o n ) ,  The experiment  l i n e - o f - s i g h t  assumed pa ra l l e l  t o  
t h e  y a x i s  i s  a l i g n e d  toward the  sun  by roll motion about  t h e  x 
?-xis ( @  r o t a t i o n ) .  The ang le s  Y and @ are v a r i e d  p e r i o d i c a l l y  
t o  account  f o r  n o d a l  r e g r e s s i o n  and season .  The r e q u i r e d  
v a r i a t i o n  i n  cp i s  l i m i t e d  t o  t he  range  -52O < cp < t52O f o r  an 
o r b i t  i n c l i n a t i o n  o f  28.5O w i t h  r e s p e c t  t o  tEe e q u a t o r  whereas 
\y i s  g e n e r a l l y  u n r e s t r i c t e d .  
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FIGURE I - SPACECRAFT ATTITUDE WITH RESPECT TO AN INERTIAL REFERENCE 

2 . 2  A t t i t u d e  C o n t r o l  

The s p a c e c r a f t  o r i e n t a t i o n  d e s c r i b e d  above f o r  t h e  ATM 
m i s s i o n  i s  a l s o  advantageous f o r  t h e  AAP 1 / 2  mi s s ion  w i t h  f i x e d  
s o l a r  p a n e l s  mounted normal t o  t h e  y a x i s  o f  t h e  c l u s t e r  conf ig -  
u r a t i o n .  I n  o r d e r  t o  ma in ta in  a f i x e d  a t t i t u d e  o r i e n t a t i o n  
however,  t h e  d i s t u r b a n c e  t o r q u e  impulse  l T D d t  a c t i n g  on t h e  

s p a c e c r a f t  must b e  c a n c e l l e d  e x a c t l y .  The b a s i c  e q u a t i o n  de- 
s c r i b i n g  t h e  a t t i t u d e  behav io r  o f  t h e  s p a c e c r a f t  i s  

which e x p r e s s e s  t h e  r a t e  o f  change o f  s p a c e c r a f t  a n g u l a r  momen- 
tum i n  terms of the a n g u l a r  v e l o c i t y  

1 
8 
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and t h e  p r i n c i p a l  a x i s  i n e r t i a  t e n s o r  

The t e rm ZD r e p r e s e n t s  t h e  d i s t u r b a n c e  t o r q u e  a c t i n g  on t h e  

s p a c e c r a f t  i n c l u d i n g  t h e  g r a v i t y - g r a d i e n t  and aerodynamic t o r -  
ques  and T i s  t h e  c o n t r o l  t o r q u e  p r o v i d e d  by an  RCS o r  momentum 
exchange s y s t e m .  

-c 

I n  t h e  AAP 1 / 2  miss ion  CMG's are  n o t  a v a i l a b l e  and t h e  
RCS f u e l  e x p e n d i t u r e  f o r  a l o n g  d u r a t i o n  i n e r t i a l  h o l d  i s  p r o h i -  
b i t i v e .  * The Q u a s i - I n e r t i a l  s t a b i l i z a t i o n  approach t o  be  de- 
s c r i b e d  i n  t h e  n e x t  s e c t i o n  leads t o  c o n d i t i o n s  under  which t h e  
s p a c e c r a f t  i s  h e l d  approximate ly  i n  t he  same o r i e n t a t i o n  as i n  
t h e  ATM mode w i t h  compara t ive ly  low RCS f u e l  e x p e n d i t u r e .  

2 . 3  Q u a s i - I n e r t i a l  S t a b i l i z a t i o n  

I n  o r d e r  t o  s i m p l i f y  t h e  d i s c u s s i o n  i t  w i l l  b e  assumed 

and f u r t h e r m o r e  t h a t  
t h a t  t h e  s p a c e c r a f t  moves i n  a c i r c u l a r  o r b i t ,  and i n i t i a l l y  t h a t  
t h e  s p a c e c r a f t  i s  symmetric s o  t h a t  Iz = I 
e ( t )  = @ ( t )  = 0.""  A s  d e s c r i b e d  i n  Appendix A ,  Eq .  (1) reduces  
t o  a s i n g l e  d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t h e  motion o f  t h e  
v e h i c l e  i n  t h e  o r b i t  p l a n e  about  t h e  z a x i s .  

Y 

*E l rod ,  B.  D . ,  " F l i g h t  A t t i t u d e  A l t e r n a t i v e s  f o r  AAP 1 / 2 , "  
Bellcomm T e c h n i c a l  Memorandum, TM-67-1022-2, A p r i l  2 1 ,  1967. 

**The c o n d i t i o n s  r e q u i r e d  f o r  a c h i e v i n g  e ( t )  = @ ( t )  = 0 a re  
d i s c u s s e d  i n  Appendix A .  
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r e p r e s e n t s  t h e  peak g r a v i t y - g r a d i e n t  t o r q u e  and aT r e p r e s e n t s  
t h e  peak aerodynamic to rque  e x p r e s s e d  as a f r a c t i o n  o f  T * 
The s p a c e c r a f t  o r i e n t a t i o n  c o r r e s p o n d i n g  t o  t h i s  problem i s  
shown i n  F i g u r e  2.  

gm 
gm 
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XVY - 

It 

X 

\' ' :o:: 
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ORBIT 
PATH 

I I E R T I M  AXES 
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FIGURE 2 - SPACECRAFT AlTlTUDE IN ORBIT PLANE 

i s  convenient  f o r  t he  a n a l y s i s  t o  c o n s i d e r  t h e  
motion o f  t h e  s p a c e c r a f t  i n  te rms  o f  t h e  a n g u l a r  d i sp l acemen t  
J, from the  l o c a l  v e r t i c a l .  From F i g u r e  z it ro i iows  c n a t  

*In g e n e r a l ,  a may be p o s i t i v e  or n e g a t i v e  depending upon 
t h e  r e l a t i v e  l o c a t i o n  of t he  s p a c e c r a f t  CG and c e n t e r  o f  p r e s -  
s u r e .  For convenience however, on ly  a > 0 w i l l  be c o n s i d e r e d ,  
s i n c e  t h e  r e s u l t s  are  completely analogous for a < 0 .  Normally 
l a1  < 0 . 4  a t  a l t i t u d e s  above 250 NM w i t h  t h e  c l u s t e r  c o n f i g u r a -  
t i o n  b e i n g  c o n s i d e r e d  f o r  AAP 1 /2 .  
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where w i s  t h e  o r b i t a l  a n g u l a r  v e l o c i t y .  
can  be  w r i t t e n  as 

0 

.. 
$ = - B s i n  274 - aB cos$  

where 

B T /Iz = 3 ~ 2  KZ/2 
gm 

and 

Consequent ly  Eq. ( 4 )  

( 7 )  

( 8 )  

( 9 )  

1 

When t h e  aerodynamic t o r q u e  i s  n e g l i g i b l e  ( a  2 0 ) ,  
E q .  ( 7 )  i s  s imilar  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  o b t a i n e d  i n  de- 
s c r i b i n g  t h e  motion o f  a s imple  pendulum. A f i r s t  i n t e g r a l  o f  
t h i s  d i f f e r e n t i a l  e q u a t i o n  can  b e  o b t a i n e d  a f t e r  m u l t i p l y i n g  by  
t he  i n t e g r a t i n g  f a c t o r  2 ;  so  t h a t  

2 G 2  = 2B cos  $ + C1 

where 

Analogous t o  t h e  pendulum problem, t h e  motion o f  t h e  
s p a c e c r a f t  i n  t h e  o r b i t a l  p l a n e  i s  c h a r a c t e r i z e d  b y  two p Q s s i b l e  
modes. T h i s  can be i l l u s t r a t e d  b y  a phase  p l a n e  p l o t  o f  $ vs  $ 
as shown i n  F i g u r e  3 f o r  v a r i o u s  i n i t i a l  c o n d i t i o n s .  The c l o s e d  
t r a j e c t o r y  ( A )  e n c i r c l i n g  the  o r i g i n  o f  t h e  phase  p l a n e  c o r r e -  
sponds t o  o s c i l l a t i o n  about t h e  l o c a l  v e r t i c a l .  The o u t s i d e  
t r a j e c t o r i e s  ( B  and C )  c o r r e s p o n d i n g  t o  con t inuous  r o t a t i o n  w i t h  
r e s p e c t  t o  t h e  l o c a l  v e r t i c a l  are ana logous  t o  a pendulum w i t h  
s u f f i c i e n t  i n i t i a l  v e l o c i t y  t o  c o n t i n u o u s l y  r e v o l v e  abou t  i t s  
p i v o t .  The boundary on t h e  phase p l a n e  d i v i d i n g  t h e  two t y p e s  
o f  t r a j e c t o r i e s  i s  known as t h e  " s e p a r a t r i x " .  The e q u a t i o n  f o r  
t h e  s e p a r a t r i x  can  b e  o b t a i n e d  from E q s .  ( 1 0 )  and (11) by l e t -  
t i n g  $, = 0 and $, = - + s o  t h a t  C1 = 0 and 

2 
O 2  = 2 B  c o s  J, 



BELLCOMM, INC. - 7 -  

SEPARATR I X * 

FIGURE 3 - PHASE PLANE TRAJECTORIES OF SPACECRAFT MOTION WITH 
RESPECT TO LOCAL VERTICAL 

or 

jis= 2 m COS$ 

F o r  t r a j e c t o r i e s  o u t s i d e  t h e  s e p a r a t r i x  s t a r t i n g  a t  $ = 0 i t  
f o l l o w s  t h a t  1; I > m. 

s e p a r a t r i x  can b e  o b t a i n e d  a f t e r  i n t e g r a t i o n  o f  Eq. ( 1 0 ) .  T h i s  
f o l l o w s  a f t e r  w r i t i n g  Eq. ( 1 0 )  i n  t h e  form 

0 

0 

E v a l u a t i o n  of $ ( t )  f o r  t r a j e c t o r i e s  o u t s i d e  t h e  

.? 2 $ -  = - 2B(1 - COS $ )  + (C1 + 2 B )  

2 = C 2  - 2B s i n  $ 

where 

Consequent ly  , 

&!! = t /l - k2 s i n 2 ;  d t  - 
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I n t e g r a t i o n  o f  Eq. ( 1 6 )  y i e l d s *  

l t d t  = t = - t = +  - 

The f u n c t i o n  F ( k , Q )  i s  a n  e l l i p t i c  i n t e g r a l  o f  t h e  f i r s t  k i n d  
which i s  a v a i l a b l e  i n  t a b u l a t e d  form as a f u n c t i o n  o f  t h e  modu- 
lus k and argument $ . * *  Two p r o p e r t i e s  o f  t h e  e l l i p t i c  i n t e g r a l  
a r e  

F(k,n:) = n F ( k , n / 2 )  = n K ( k )  (19a) 

and 

where B i s  an  a r b i t r a r y  ang le  and n i s  an  i n t e g e r  ( n = O , + l , . - . ) .  
The te rm K(k)  E F(k,.rr/2) i s  t h e  complete  e l l i p t i c  i n t e g r a l  o f  
t h e  f i rs t  k i n d .  

The t i m e  'I r e q u i r e d  f o r  a h a l f  r e v o l u t i o n  o f  t h e  
s p a c e c r a f t  w i t h  r e s p e c t  t o  t h e  l o c a l  v e r t i c a l  i s  o b t a i n e d  from 
E q .  ( 1 8 )  f o r  + ( t )  = IT t $ o .  I n  view o f  Eq. ( l g b )  t h i s  y i e l d s  

*Proper  i n t e r p r e t a t i o n  o f  t h e  s i g n s  (t) i s  i m p o r t a n t  h e r e  - 
s i n c e  on ly  t > O  i s  o f  i n t e r e s t .  

**Jahnke & Emde, "Tables o f  F u n c t i o n s " ,  4 t h  Ed . ,  Dover 
P u b l i c a t i o n s ,  N e w  York, N .  Y . ,  1 9 4 5 ,  pp .  52-89. 

I 
a 
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Also as a r e s u l t  o f  Eq. (lg), t h e  t i m e  i n t  r v a l  for each  subse-  
q u e n t  h a l f  i n t e r v a l  i s  i d e n t i c a l .  
for a complete  r e v o l u t i o n  i s  

Consequent ly  t h e  t i m e  i n t e r v a l  

The g e n e r a l  t r e n d  i n  ' ( t )  for t h e  two t r a j e c t o r i e s  
( B  and C >  o u t s i d e  t h e  s e p a r a t r i x  i n  F i g u r e  3 i s  shown i n  F i g u r e  4 
f o r  $ o  = 0 .  
t e g r a l  e x p r e s s e d  i n  Eq. (19), t h e  d e v i a t i o n s  i n  ' ( t )  from a 
l i n e a r  component, q a V ( t ) ,  a r e  p e r i o d i c .  
f o r  t h e  cu rve  C can  be  expres sed  as 

A s  a r e s u l t  o f  t h e  p r o p e r t y  of  t h e  e l l i p t i c  i n -  

The l i n e a r  component 

t = $avt ( 2 2 )  ',,(t> = - - 21T 
T 

where 

A # =  d [W(t) - 

*o = @o= 0 

FIGURE 4 - DEVIATION OF SPACECRAFT 
FROM LOCAL VERTICAL 

FIGURE 5 - VARIATION I N  w(t) 
FROM NOMINAL 
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The b a s i c  idea i n v o l v e d  i n  t h e  Q u a s i - I n e r t i a l  s tabi-  
l i z a t i o n  scheme conce rns  t h e  cho ice  o f  $av. 
i t  f o l l o w s  t h a t  

I n  view o f  Eq. ( 6 )  

i = $ t w o  

By a p p r o p r i a t e  s e l e c t i o n  o f  t h e  i n i t i a l  a n g u l a r  v e l o c i t y  6 such  
t h a t  $av = - W  t h e  d isp lacement  o f  t h e  s p a c e c r a f t  from an  i n i -  
t i a l  o r i e n t a t i o n  ( Y  ) normal t o  t h e  s u n  l i n e  w i l l  b e  p e r i o d i c  
w i t h  a maximum ampl i tude  e q u a l  t o  t h e  maximum d e v i a t i o n  of + ( t )  
f rom t h e  l i n e a r  component JI ( t ) .  

0 

0' 

0 

A p l o t  of Y ( t >  - Y o  correspond-  a v  
$ng t o  t r a j e c t o r y  C i n  F i g u r e s  3 and 4 i s  shown i n  F i g u r e  5 f o r  

= o , *  and Y o  = J Io  - - -a JIav 0 

The f o r e g o i n g  a n a l y s i s  w i l l  b e  ex tended  t o  i n c l u d e  t h e  
e f f e c t  o f  aerodynamic t o r q u e  ( a  > 0 ) .  The b a s i c  concept  s t i l l  
i n v o l v e s  a n  a p p r o p r i a t e  a n g u l a r  r a t e  i n i t i a l i z a t i o n  ( 5 ,  ) such  
t h a t  GaV = - - w  . 
c r a f t  from t h e  nominal o r i e n t a t i o n  w i l l  g e n e r a l l y  va ry  w i t h  a. 
I n  t h e  n e x t  s e c t i o n  t h e  i n i t i a l  a n g u l a r  r a t e  and t h e  r e s u l t a n t  
peak d i sp lacemen t  A", a r e  e v a l u a t e d  for s e v e r a l  l e v e l s  o f  ae ro -  
dynamic t o r q u e .  

0 
The p e a k  a n g u l a r  d i sp l acemen t  A Y m  o f  t h e  space-  

0 

3 . 0  DETERMINATION OF I N I T I A L I Z A T I O N  REQUIREMENTS 

To e s t ab l i sh  t h e  Q u a s i - I n e r t i a l  mode t h e  i n i t i a l  condi-  
t i o n s  ( $ o ,  +,) must r e s u l t  i n  an  ave rage  a n g u l a r  r a t e  o f  t h e  

s p a c e c r a f t  which i s  J u s t  o p p o s i t e  t o  t h e  o r b i t a l  r a t e .  I n  terms 
of  t h e  phase  p l a n e  ( $  v s  + )  i n  F i g u r e  3 ,  t h e  r e q u i r e d  i n i t i a l  
c o n d i t i o n s  must l i e  somewhere on t r a j e c t o r y  C i f  t h i s  i s  t h e  
t r a j e c t o r y  w i t h  $av = - w 0 .  

i n i t i a l  r a t e  $ o  w i t h  a = 0 and a 

r e f e r e n c e  p o s i t i o n  I n  t h e  o r b i t . * *  Also t h e  peak a n g u l a r  

I n  t h e  n e x t  two s e c t i o n s  t h e  r e q u i r e d  

= 0 o r  + = t ~ / 2 ,  s i n c e  t hese  p o i n t s  co r re spond  t o  conven ien t  
0 w i l l  b e  e v a l u a t e d  a t  e i t h e r  

$0 0 -  

*The c h o i c e  o f  Y o  = q 0  = 0 here i s  f o r  conven ience .  I n  
g e n e r a l  \ yo  = J, need no t  b e  z e r o .  

0 

**The i n i t i a l  p o i n t s  q 0  = 0 and JI, = - t  IT/^ are o f  i n t e r e s t  
s i n c e  t h e y  c o r r e s p o n d  t o  t h e  l o c a l  v e r t i c a l  and l o c a l  h o r i z o n t a l  
o r i e n t a t i o n  of t h e  s p a c e c r a f t .  
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d i sp lacemen t  A Y m  ana logous  t o  F i g u r e  5 w i l l  b e  de te rmined .  
t h e  f o l l o w i n g  s e c t i o n  t h e  R C S  f u e l  r e q u i r e m e n t s  f o r  i n i t i a l i z a -  
t i o n  a r e  d i s c u s s e d  and f i n a l l y  t h e  e f f e c t  o f  s p a c e c r a f t  asymmetry 
(Iy +' Iz) on t h e  Q u a s i - I n e r t i a l  mode i s  c o n s i d e r e d .  

I n  

3 .1  I n i t i a l  Cond i t ions  ( a  4 0 )  

o f  t h e  s p a c e c r a f t  i n  t h e  o r b i t  p l a n e  i s  d e s c r i b e d  by Eq. ( 1 8 )  
and e i t h e r  Eq. ( 1 4 )  o r . ( l O ) .  The c o n d i t i o n  f o r  t h e  Quas i -  
I n e r t i a l  mode i s  t h a t  $av = - W  

t h a t  

When t h e  aerodynamic t o r q u e  i s  n e g l i g i b l e ,  t h e  motion 

which i m p l i e s  f rom Eq. ( 2 3 )  
0 

. 
- w  

- T q  - - - - =  
J, av  2 K(k) 0 

I n  view o f  Eq. ( 1 7 )  it follows t h a t  

Consequent ly ,  Eq. ( 2 5 )  can b e  w r i t t e n  as 

( 2 7 )  
IT - A = k K(k) 2 

where 

f o l l o w s  from Eqs. ( 8 )  and (9). Upon e v a l u a t i o n  o f  A f o r  a pa r -  
t i c u l a r  s p a c e c r a f t  c o n f i g u r a t i o n  t h e  t r a n s c e n d e n t  a1 f u n c t i o n  
k K(k) can b e  e v a l u a t e d  numer i ca l ly  t o  o b t a i n  K(k) and t h e  modu- 
l u s  k. 

The i n i t i a l  a n g u l a r  ra te  $ o  can be  o b t a i n e d  from Eqs. 
(14), ( 2 6 )  and (28) which y i e l d  

(29) 2 2 2 2 $* = C2-2B s i n  Q, = (A/k) [ l -k  s i n  Q o ] w o  
0 



1 
I 

BELLCOMM, 1NC. - 12 - 

s o  t h a t  

2 2 '  - -  - ( X / k )  /l - k s i n  $ o  w o  
$ 0  

For  J,, = 0 t h e  i n i t i a l  r a t e  i s  

0 
- (A/k)w - - J,o - J,oA - - 

For Q 0  = - t 7 ~ / 2  t h e  i n i t i a l  r a t e  i s  

The i n i t i a l  p o i n t s  A and B a r e  i n d i c a t e d  on t h e  phase  p l a n e  
shown i n  F i g u r e  6 .  

4 
SEPARATRIX I 

FIGURE 6 - PHASE PLANE TRAJECTORY I N  QUASI-INERTIAL MODE 

With Gav = - W  t h e  d e v i a t i o n  of  t h e  s p a c e c r a f t  from t h e  
0 

nominal  o r i e n t a t i o n  i s  p e r i o d i c  as . i l l u s t r a t e d  i n  F i g u r e  5 .  The 
maximum d e v i a t i o n  A Y ~  o c c u r s  when Y = 0 or i n  view o f  E q .  

whenever $ = --w . T h i s  i s  i n d i c a t e d  b y  p o i n t  C i n  F i g u r e  6 .  The 
c o r r e s p o n d i n g  v a l u e  of  J, = JI, can be  o b t a i n e d  from E q s .  ( 1 4 1 ,  ( 2 6 )  

and ( 2 8 ) ,  which y i e l d  

( 2 4 ) ,  

0 

8 
8 
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K Z  A = 3 K Z  k $ o A / W o  $oB/Wo 

1 . 0  1 . 7 3 2  0.96873 -1.788 -!? .J !J !J !  

0.333 1 . 0  0 .79310  - 1 . 2 6 1  -0.768 
0 0 O * #  -1 -1 

a 
8 
I 
I 
8 
8 
8 
I 
1 
I 
I 
8 
I 
I 
I 

JIm A 'm 

-58.8' 18. 80 
- 5 1 0 . 2 ~  7 . 0 °  

0**  0** 

$2 = u 2  = C 2  - 2B s i n  2 JIm = (2B/w 2 ) [ l / k  2 - s i n  2 J I ~ ] O ~  2 
0 0 

( 3 3 )  
= A 2 ( l / k  2 - s i n  2 J I ~ ) ~ ~  2 

o r  

2' s i n+ ,  = - /l/k2 - 1/A ( 3 4 )  

With t h i s  r e s u l t  and Eqs.  ( 6 1 ,  (18), ( 2 6 )  and ( 2 8 )  t h e  maximum 
d e v i a t i o n  o f  Y ( t )  from Y o  = J I o  = 0 ( f o r  conven ience )  becomes* 

A l l  r e s u l t s  i n  t h e  f o r e g o i n g  a n a l y s i s  depend on t h e  

q u a n t i t y  A = which i s  a p h y s i c a l  p a r a m e t e r  c h a r a c t e r i z i n g  
t h e  s p a c e c r a f t  c o n f i g u r a t i o n .  I n  g e n e r a l  Kz i s  l i m i t e d  t o  t h e  

r ange  0 - < K Z  - < 1. 

whereas K Z  2 1 f o r  l o n g  c y l i n d r i c a l  s p a c e c r a f t .  The maximum 
d e v i a t i o n  Ym as w e l l  as t h e  i n i t i a l  c o n d i t i o n s  c o r r e s p o n d i n g  t o  
p o i n t s  A and B on t h e  phase  p l a n e  t r a j e c t o r y  i n  F i g u r e  6 are 
t a b u l a t e d  i n  Table  I. 

For  a un i fo rm s p h e r i c a l  s p a c e c r a f t ,  K z  = 0 

TABLE I - SUMMARY OF I N I T I A L  ANGULAR RATE CONDITIONS 

E INERTIAL ATTITUDE DEVIATIONS 

*See Foo tno te  * on page 8 .  
**In e v a l u a t i n g  Eq. ( 2 7 )  as A + 0 i t  t u r n s  o u t  t h a t  

K(k) -+ ~ / 2  and k -+ A .  As a r e s u l t  o f  Eq. ( 3 4 ) ,  JI, + 0 ,  which 
i m p l i e s  t h a t  \ym + 0 from Eq. ( 3 5 ) .  
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The r e s u l t s  f o r  AYm i n  T a b l e  I a re  t o  b e  e x p e c t e d  s i n c e  
t h e  g r a v i t y - g r a d i e n t  t o r q u e  has a d e c r e a s i n g  e f f ec t  as t h e  space -  
c r a f t  c o n f i g u r a t i o n  becomes more s p h e r i c a l .  The O r b i t a l  Assembly  
c o n f i g u r a t i o n  t o  be  used  i n  t h e  A A P  1 / 2  m i s s i o n  i s  l o n g  and 
c y l i n d r i c a l  such  t h a t  0 . 9  < Kz < 1.0. 
d e v i a t i o n  i n  t h e  neighborhood of A Y m  = 1 8 O  f rom t h e  nominal  would 
be  e x p e c t e d  i f  t h e  aerodynamic t o r q u e  was n e g l i g i b l e .  

3 . 2  I n i t i a l  C o n d i t i o n s  ( a  0 )  

s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  

Consequent ly ,  a maximum 

When aerodynamic t o r q u e  i s  n o t  n e g l i g i b l e  ( a  0 ) ,  

1. 

$ = - B s i n 2 $  - aB c o s +  

d e s c r i b i n g  t h e  motion o f  the  s p a c e c r a f t  i n  t h e  o r b i t a l  p l a n e  i s  
more compl i ca t ed .  I n  t h i s  s e c t i o n  a s o l u t i o n  o f  Eq. ( 3 6 )  i s  
o b t a i n e d  and used  t o  o b t a i n  i n i t i a l  c o n d i t i o n s  f o r  e s t a b l i s h i n g  
t h e  Q u a s i - I n e r t i a l  mode. 

A f i r s t  i n t e g r a t i o n  o f  Eq. ( 3 6 )  $an b e  o b t a i n e d  a f t e r  
m u l t i p l i c a t i o n  by t h e  i n t e g r a t i n g  f a c t o r  2 $  s o  t h a t  

where 

G 2  = -2B s i n  2 $ - 2aB s i n +  t C 

= -2B [ s i n  2 $ + a s i n +  + a 2 / 4 1  + ( C  + B a 2 / 2 )  

-2B(s in$  + a / 2 )  2 = c3  ( 3 7 )  

I 
8 

= G 2  t 2B(sinJlo t a / 2 )  2 ( 3 8 )  c3 0 

When a = 0 ,  these  e q u a t i o n s  r educe  t o  E q s .  ( 1 4 )  and ( 1 5 ) .  

The motion o f  t he  s p a c e c r a f t  i s  a g a i n  c h a r a c t e r i z e d  by  
two p o s s i b l e  modes as i l l u s t r a t e d  i n  t h e  phase  p l a n e  p l o t  o f  
$ vs $ as shown i n  F i g u r e  7 f o r  v a r i o u s  i n i t i a l  c o n d i t i o n s  and 
a > 0. The boundary o r  s e p a r a t r i x  d i v i d i n g  t h e  two t y p e s  o f  
t r a j e c t o r i e s  can be o b t a i n e d  f rom Eqs.  ( 3 7 )  and ( 3 8 )  be l e t t i n g  

- -1 
= J Ia  = - s i n  ( a / 2 )  and $ o  = - t (1 t a / 2 ) .  T h i s  y i e l d s  

$0 
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li SEPARATRI X 

-3 

FIGURE 7 - PHASE PLANE TRAJECTORIES OF SPACECRAFT MOTION 
WITH RESPECT TO LOCAL VERTICAL (a>O) 

i2 E $: = 2 B ( 1  + a / 2 l 2  - 2 B ( s i n +  + a / 2 )  2 

= 2B[1 + a + a 2 / 4  - s i n  2 + - a s i n +  - a 2 / 4 ]  

= 2B[cos 2 + + ~ r ( l  - s i n + ) ]  ( 3 9 )  

o r  

which i s  e q u i v a l e n t  t o  Eq. ( 1 3 )  when a = 0 .  
c i t i e s  IJs max and ds min cor respond ing  t o  t h e  maximum and l o c a l  
minimum p o i n t s  on t h e  s e p a r a t r i x  can  b e  e v a l u a t e d  from Eq. ( 4 0 )  
f o r  +, = n.rr + (-l)n$a and $, = 2n.rr - .rr/2 r e s p e c t i v e l y ,  where 

The a n g u l a r  ve lo -  

n = 0 ,  t1, + 2 , * * *  and Q a  = - s i n  -1 ( a / 2 ) .  The r e s u l t  i s  - 

= + J2B' [COS 2 Q + a ( 1  - s i n + a ) ]  1 / 2  
+s max - a 
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= + dz? h w o  - = + m c 2 a 3  $s min - 

where X = = m/w as  d e f i n e d  i n  Eq. ( 2 8 ) .  
0 

For  t r a j e c t o r i e s  i n s i d e  t h e  s e p a r a t r i x  t h e  e f f e c t  o f  
t h e  aerodynamic t o r q u e  i s  t o  s h i f t  t h e  p o i n t s  o f  e q u i l l i b r i u m *  
s o  t h a t  t h e  s p a c e c r a f t  no l o n g e r  o s c i l l a t e s  symmet r i ca l ly  about  
t h e  l o c a l  v e r t i c a l .  O u t s i d e  t h e  s e p a r a t r i x  t h e  t r a j e c t o r i e s  B 
and C ,  as b e f o r e ,  cor respond t o  con t inuous  r o t a t i o n  w i t h  r e s p e c t  
t o  t h e  l o c a l  v e r t i c a l .  

The second i n t e g r a t i o n  o f  Eq. ( 3 6 )  t o  o b t a i n  $ ( t )  f o r  
t r a j e c t o r i e s  o u t s i d e  t h e  s e p a r a t r i x  a g a i n  l e a d s  t o  an e l l i p t i c  
i n t e g r a l .  From E q .  ( 3 7 )  it f o l l o w s  tha t  

&/! = + h - k: ( s i n $  + ~ / 2 ) ~ ’  d t  - 

where 

2 
3 ka 5 2B/C 

( 4 3 )  

( 4 4 )  

I n t e g r a t i o n  o f  Eq. (43)  y i e l d s  

d$ d t  = t = + - 
2 2‘ - ka  ( s i n $  + ~ / 2 )  

( 4 5 )  

which i s  an  e l l i p t i c  i n t e g r a l ,  a l t h o u g h  n o t  i n  s t a n d a r d  form un- 
l ess  a = 0 .  The r e d u c i i u r i  WZ Lne i n t e g r a l  t o  s t a n u a r u  rorm i s  

*@ e q u i l i b r i u m  p o i n t  i s  a c o n d i t i o n  o f  ze ro  a n g u l a r  v e l o -  
= 0 )  f o r  which t h e . a n g u l a r  o r i e n t a t i o n  of t h e  space-  % c i t y  ( $  = 

c r a f t  remains f i x e d  w i t h  r e s p e c t  t o  l o c a l  v e r t i c a l ,  s i n c e  t h e  
g r a v i t y - g r a d i e n t  and aerodynamic t o r q u e s  a r e  e q u a l  and o p p o s i t e .  
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c a r r i e d  o u t  i n  Appendix B. The r e s u l t  i s*  

The r e l a t i o n s h i p  between $ ( t )  and a ( t )  as g iven  i n  E q .  (B-37) i s  

s i n  $ ( t )  + ne 
sin a ( t )  = 1 + ne s i n  $(t> (47) 

The pa rame te r s  m,  ke and ne a r e  a l l  f u n c t i o n s  of k 

are g iven  i n  Appendix B i n  E q s .  ( B - 4 2 ) ,  (B-43) and (B-44) r e s p e c -  
t i v e l y .  When a + 0 ,  t h e  e x p r e s s i o n  for t reduces  t o  Eq .  (18), 
s i n c e  n 

and a. They a 

+ 0 ,  m + l / k a ,  ke + ka -+ k and C3 + C2. e 

The t i m e  i n t e r v a l  f o r  one r e v o l u t i o n  o f  t h e  s p a c e c r a f t  
w i t h  r e s p e c t  t o  l o c a l  v e r t i c a l  can be e x p r e s s e d  as 

4 F ( k e , n / 2 )  = - woAm w 0 Am 
4 = -  

where 

*See Foo tno te  * on page 8. 
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due t o  E q s .  ( 2 8 )  and (44). The s o l u t i o n  f o r  $ ( t )  i s  similar t o  
t h e  r e s u l t  shown i n  F i g u r e  4 f o r  cx = 0 .  The v a r i a t i o n  abou t  t h e  
a v e r a g e  component i s  a f u n c t i o n  o f  a as w e l l  as t h e  s p a c e c r a f t  
c o n f i g u r a t i o n  p a r a m e t e r  A .  

The ave rage  component o f  $ ( t )  f o r  t r a j e c t o r y  C i n  
F i g u r e  7 i s  g i v e n  by  

211 - t  Jlav(t> = jlavt = - T 

F o r  t h e  Q u a s i - I n e r t i a l  mode i t  i s  n e c e s s a r y  t h a t  

o r  

Upon s p e c i f i c a t i o n  o f  cx and X t h e  v a l u e  o f  ka which s a t i s f i e s  
t h i s  t r a n s c e n d e n t a l  e q u a t i o n  can  b e  de te rmined  n u m e r i c a l l y .  

The i n i t i a l  a n g u l a r  r a t e  f o r  t h e  Q u a s i - I n e r t i a l  
0 

mode can b e  o b t a i n e d  from Eqs. (371 ,  (44) and ( 2 8 )  which y i e l d  

* 2  - 2 B ( s i n $  + C X / ~ ) ~  = (2B/w2)[l/k2 - ( ~ i n $ ~ + a / 2 )  2 2  ]a, 
0 a lJ0 = c3 

2 2  2 a 2  2 
0 

= ( A  / k a ) [ l  - k a ( s i n $ ,  + 2 )  I W  

s o  t h a t *  

= - (A/ka) h - k a ( s i n J l o  2 + a/2l2’  a. 
$0 

( 5 3 )  

( 5 4 )  

*If t h e  i n e r t i a l a i n i t i a l  r a t e  i s  d e s i r e d  i t  i s  on ly  neces -  
s a r y  t o  add w 0  s i n c e  Y = q 0  + w o .  
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For  J Io  = t m/2 and JI, = - s/2 t h e  r e q u i r e d  i n i t i a l  ra tes  are 
r e s p e c t i v e l y  

and 

The i n i t i a l  p o i n t s  A and B are i n d i c a t e d  on t h e  phase p l a n e  i n  
F i g u r e  8.  

1L 

*=  -0 
. 

0 

FIGURE 8 - PHASE PLANE TRAJECTORY I N  QUASI INERTIAL MODE 

The i n e r t i a l  a t t i t u d e  o f  t h e  s p a c e c r a f t  as e x p r e s s e d  
i n  E q .  ( 6 )  i s  

Y = JI t w o t  ( 5 7 )  

. 
where Y o  = JI ,  i s  the nominal o r i e n t a t i o n .  
d e v i a t i o n  from t h e  nominal  i s  p e r i o d i c .  When a = 0 ,  t h e  p e r i o d  
i s  h a l f  t h e  o r b i t a l  p e r i o d  T and t h e  d e v i a t i o n  i n  each  s u c c e s s i v e  
q u a r t e r  p e r i o d  i s  symmetric w i t h  e q u a l  maximum d e v i a t i o n s  A Y m  as 
g i v e n  by Eq. (35 )  and i l l u s t r a t e d  i n  F i g u r e  5 .  When a 0 ,  t h e  

For  JIaV = - w t h e  
0 
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peak  d e v i a t i o n s  are  n o t  n e c e s s a r i l y  e q u a l  i n  s u c c e s s i v e  q u a r t e r  
p e r i o d s .  Due t o  a symmet ry  as shown on t h e  p h a s e - p l a n e  o f  F i g u r e  
8 t he  d e p a r t u r e  o f  t he  t r a j e c t o r y  from t h e  l i n e  $ = - w i s  less  
a t  $ = - n/2 t h a n  a t  $ = t n /2 .  Consequent ly ,  t h e  maximum 
d e v i a t i o n  A Y m  which occur s  when 4 = 0 or e q u i v a l e n t l y  whenever 
5, = - w 

e t c .  i n  F i g u r e  8 ra ther  t h a n  a p o i n t  ( D )  n e a r  $ = - ~ / 2 ,  -5n /2 ,  
e t c .  I n  f a c t  f o r  s u f f l c i e n t l y  l a rge  a ,  t he  t r a j e c t o r y  w i l l  no 
l o n g e r  c r o s s  t h e  l i n e  $, = - w 

two maxima w i l l  r e s u l t  d u r i n g  each  o r b i t .  The v a l u e  o f  $ z $, 

c o r r e s p o n d i n g  t o  t h e  p o i n t  C between JI = 0 and JI = 7r/2 can  b e  
o b t a i n e d  from E q s .  ( 3 7 ) ,  ( 4 4 )  and ( 2 8 )  which y i e l d  

0 

w i l l  co r r e spond  t o  a p o i n t  ( C )  n e a r  $ = ~ / 2 ,  - 3 1 ~ / 2 ,  
0' 

n e a r  $ = - n /2 ,*  s o  t h a t  on ly  
0 

- 2B(s inqm + ~ r / 2 ) ~  - 2  2 $, = W = c3 
0 

. 2 2  = 2 [ l / k a  2 - ( s i n $ m  + a / 2 )  l u O  

o r  

s i n $ m  = + k i / k :  - 1 / A 2 '  - a / 2  

The maximum d e v i a t i o n  A Y ~  f rom the  nominal  o r i e n t a t i o n  
can  b e  de t e rmined  from E q s .  ( 5 7 1 ,  ( 4 6 ) ,  ( 4 4 )  and ( 2 8 ) .  
r e s u l t  i s  

*On t h e  s e p a r a t r i x  t h e  a n g u l a r  ra te .  c o r r e s p o n d i n g  

( 5 9 )  

The 

J , = -   IT/^ i s  g i v e n  by E q .  ( 4 2 )  as is min = - G A W  . 
f o r  a > 1 / 2 ~ ~  = 1 / 6 K Z ,  no i n t e r s e c t i o n s  w i t h  t h e  l i n e  5, 
are p o s s i b l e  n e a r  $ = - ~ / 2 ,  - 5 n / 2 ,  e t c .  

Consequent ly ,  
0 

w 
0 

= - 
0 
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where 
s i n $  t ne m s i n a  = m 1 t ne s in$ ,  

I n  g e n e r a l ,  bo th  t h e  i n i t i a l  a n g u l a r  r a t e  io and t h e  
A Y m  va ry  w i t h  a as w e l l  as t h e  space -  maximum d e v i a t i o n  Y m  - \yo - - 

c r a f t  c o n f i g u r a t i o n  pa rame te r  X = q. 
i n d i c a t e d  i n  T a b l e  I1 where Go/u0, ~ o / u o ,  AY, and $m are tabu-  
l a t e d  f o r  v a r i o u s  v a l u e s  o f  a. 

T h i s  v a r i a t i o n  i s  

TABLE I 1  - SUMMARY O F  I N I T I A L  ANGULAR RATE C O N D I T I O N S  
E MAXIMUM I N E R T I A L  A T T I T U D E  D E V I A T I O N  VS a 

These  data are t h e  r e s u l t s  o f  c a l c u l a t i o n s  based on t h e  f o r e -  
g o i n g  a n a l y s i s  w i t h  Y o  = $ o  = 90' and KZ = 0.9346.* The i n i t i a l  

*The c o n f i g u r a t i o n  pa rame te r  K = 0.9346 used here  i s  t y p i c a l  
f o r  t h e  O r b i t a l  Assembly c o n f f g u r a t i o n  b e i n g  c o n s i d e r e d  
f o r  t h e  AAP 1/2 miss ion .  
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c o n d i t i o n s ,  q 0  and $ o  = 9 0 ° ,  were used  i n  a d i g i t a l  computer 
s o l u t i o n  of Qq. ('36) t o  o b t a i n  a p l o t  o f  A Y ( t )  as shown i n  
F i g u r e  9 f o r  c1 = 0 ,  0 .03 ,  c1 = 0 . 1 2  and c1 = 0 . 4 .  The maximum 
d e v i a t i o n s  A Y m  compare f a v o r a b l y  w i t h  t h e  c a l c u l a t i o n s  l i s t e d  
i n  T a b l e  11. 

3 .3  RCS F u e l  Requirements  f o r  I n i t i a l i z a t i o n  

I n  o r d e r  t o  e s t a b l i s h  t h e  Q u a s i - I n e r t i a l  mode e x a c t l y  
i t  i s  generally n e c e s s a r y  t o  a c h i e v e  a s e t  o f  i n i t i a l  condi -  
t i o n s  ( Q 0 ,  $,) such  t h a t  t h e  a v e r a g e  a n g u l a r  r a t e  o f  t h e  

s p a c e c r a f t  i s  j u s t  o p p o s i t e  t o  t h e  o r b i t a l  ra te  w o .  

G a v  - - - P w o  w i t h  p 1, t h e  d e v i a t i o n  A Y  o f  t h e  s p a c e c r a f t  from 
t h e  des i r ed  i n e r t i a l  o r i e n t a t i o n  Y o  c o n t a i n s  a l i n e a r  component 

If 

Y p )  = - p w o t  t w 0 t = (1. - p ) w  0 t ( 6 2 )  

i n  a d d i t i o n  t o  a p e r i o d i c  v a r i a t i o n  as d e s c r i b e d  p r e v i o u s l y .  
The accumula ted  d e v i a t i o n  a f t e r  one o r b i t  w i t h o u t  an i n t e r m e d i a t e  
r e - i n i t i a l i z a t i o n  i s  

Y 2 ( T )  = (1 - p ) w o T  = (1 - p ) 2 n  

Thus,  a 10% r a t e  i n i t i a l i z a t i o n  e r r o r *  produces  a n  acc  mula ted  
l i n e a r  d e v i a t i o n  o f  36O a f t e r  one o r b i t  o r  1 8 O  a f t e r  a ha l f  
o r b i t .  
t o l e r a b l e  l e v e l .  

R e - i n i t i a l i z a t i o n  i s  r e q u i r e d  when ~ , ( t )  exceeds  a 

S e v e r a l  methods f o r  accompl i sh ing  t h e  i n i t i a l i z a t i o n  
o p e r a t i o n  can undoubtedly b e  d e v i s e d .  A complete  examina t ion  o f  
v a r i o u s  i n i t i a l i z a t i o n  schemes and c o r r e s p o n d i n g  c o n t r o l  s y s t e m  
r e q u i r e m e n t s  i s  beyond t h e  s c o p e  o f  t h i s  r e p o r t .  However, i n  
o r d e r  t o  p r o v i d e  some i n d i c a t i o n  o f  t h e  R C S  f u e l  r e q u i r e m e n t s  f o r  
i n i t i a l i z a t i o n  a scheme based  on ly  on a n g u l a r  ra te  i n i t i a l i z a t i o n  
once p e r  o r b i t  w i l l  De a e s c r i b e a .  

*Since  t h e  o r b i t a l  a n g u l a r  r a t e  w 0  i s  i n  t h e  o r d e r  o f  
0 .064 t 0 . 0 0 2  deg/sec  f o r  200-300 NM o r b i t s ,  r a t e  e r r o r s  less  
t h a n  15% imply a s p a c e c r a f t  ra te  c o n t r o l  c a p a b i l i t y  o f  a t  l eas t  
- + 0 . 0 0 3  deg / sec .  
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I n  F i g u r e  1 0  t h e  phase p l a n e  t r a j e c t o r i e s  cor respond-  
i n g  t o  t h ree  d i f f e r e n t  va lues  o f  $,, a r e  shown.* The c e n t e r  

FIGURE IO - PHASE PLANE TRAJECTORIES OF SPACECRAFT MOTION 
WITH RESPECT TO LOCAL VERTICAL 

t r a j e c t o r y  ( A )  i s  t h e  desired t r a j e c t o r y  w i t h  p = 1. From an  
i n i t i a l  c o n d i t i o n  co r re spond ing  t o  p o i n t s  ao,  
F i g u r e  1 0  t h e  s p a c e c r a f t  would move a l o n g  t h e  r e s p e c t i v e  t r a -  
j e c t o r i e s  t o  p o i n t s  a ,  b ,  or c a f t e r  one o r b i t .  S i n c e  

o r  c i n  , 0 

Y(T)  = $ ( T )  t woT = $ ( T I  t 271 (64) 

t h e  a n g u l a r  d e v i a t i o n  a s s o c i a t e d  w i t h  t r a j e c t o r i e s  B and C a r e  
A Y B  and A Y C  as i n d i c a t e d  i n  F i g u r e  10. 
i n d i c a t e d  i n  F i g u r e  11 where A Y ( t )  i s  p l o t t e d  f o r  t h e  t h r e e  
c a s e s .  

The same i n f o r m a t i o n  i s  

* I n  o r d e r  t o  s i m p l i f y  t h e  d i s c u s s i o n  only  t h e  t r a j e c t o r i e s  
f o r  a = 0 a r e  c o n s i d e r e d ,  s i n c e  t h e  r e s u l t s  a r e  s imilar  when 
aerodynamic t o r q u e  i s  n o t  n e g l i g i b l e  ( a  0 ) .  
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FIGURE I I  - VARIATION IN @(t)  FROM NOMINAL 

I f  t h e  a v e r a g e  a n g u l a r  ra te  o f  t h e  s p a c e c r a f t  on t r a -  
j e c t o r i e s  B or C i s  r e - i n i t i a l i z e d  t o  b r i n g  p o i n t  b t o  b 1  or c 
t o  c t  r e s p e c t i v e l y ,  t h e  a n g u l a r  d e v i a t i o n  A Y ( t )  would a g a i n  vary 
p e r i o d i c a l l y ,  b u t  about  Y k ( T )  as shown b y  t h e  dashed c u r v e s  i n  

w . It would b e  b e t t e r  however,  t o  re- F i g u r e  11, s i n c e  JIav = - 
0 

i n i t i a l i z e  f rom p o i n t  b t o  b"  and from c t o  c" i n  o r d e r  t o  
r educe  t h e  l i n e a r  d e v i a t i o n  from Y g ( T )  t o  z e r o  d u r i n g  t h e  n e x t  
o r b i t a l  p e r i o d . "  The c o r r e s p o n d i n g  d e v i a t i o n  A Y ( t )  i s  i n d i c a t e d  
b y  t h e  s o l i d  c u r v e s  i n  F igu re  11 f o r  T < t < 2T.  The R C S  f u e l  
m q u i r e m e n t  would t h e n  be based on a n  a n g u l a r  r a t e  c o r r e c t i o n  

of  t w i c e  t h e  o r i g i n a l  r a t e  e r r o r ,  s p e c i f i c a l l y  
A y C  

' * A t  t = 2T a n o t h e r  ra te  c o r r e c t i o n  cou ld  be a p p l i e d  t o  a c h i e v e  
w . I n  g e n e r a l  t h e  companion t r a j e c t o r y  o f  B or C used i n  - 

JIav - - 0 
r e d u c i n g  Y , ( t )  t o  z e r o  i n  e x a c t l y  one o r b i t  as shown need n o t  
c o i n c i d e  w i t h  t r a j e c t o r y  C or B r e s p e c t i v e l y .  For  pu rposes  o f  
i l l u s t r a t i o n  however, i t  i s  assumed t h a t  t r a j e c t o r i e s  B and C are 
companion t r a j e c t o r i e s .  It s h o u l d  b e  n o t e d  t h a t  o t h e r  companion 
t r a j e c t o r i e s  o u t s i d e  t h e  band d e f i n e d  by  B and C would b e  a s s o c i -  
ated w i t h  i n i t i a l i z a t i o n  schemes based on r a t e  c o r r e c t i o n  more 
f r e q u e n t l y  t h a n  once p e r  o r b i t .  

I 
1 



Consequent ly  f o r  a r a t e  i n i t i a l i z a t i q n  e r r o r  of  1 0 %  t h e  magni tude  
o f  t h e  d e s i r e d  r a t e  c o r r e c t i o n  i s  l A Y c l  = 0 . 2 ~ ~ .  The cor respond-  
i n g  change i n  s p a c e c r a f t  momentum must b e  

S i n c e  t h e  r e q u i r e d  c o n t r o l  t o r q u e  impulse  I T  d t  must e q u a l  AH, 

t h e  R C S  f u e l  consumption when f i r i n g  two j e t s  as a coup le  i s  
C 

0 . 4  I w 

SP 

- JT c -  dt 2AH z o  
- I L  I L  I L  w F - 2 - - - -  

SP SP 

where I i s  t h e  s p e c i f i c  impu l se  o f  t h e  RCS p r o p e l l a n t  and L i s  
SP 

t h e  d i s t a n c e  between j e t s .  

A w o r s t  c a s e  estimate o f  t h e  t o t a l  RCS f u e l  r equ i r emen t  
f o r  a l o n g  d u r a t i o n  mis s ion  can be made assuming t h a t  on t h e  
ave rage  an a n g u l a r  r a t e  c o r r e c t i o n  e q u i v a l e n t  t o  a 1 0 %  r a t e  
i n i t i a l i z a t i o n  e r r o r  must be  made eve ry  o r b i t .  F o r  

Iz = 2 . 0  x 1 0  

w = 1.11 x r a d / s e c  f o r  a 270  NM o r b i t ,  t h e  RCS f u e l  con- 
s8mpt ion  a c c o r d i n g  t o  Eq.  ( 6 7 )  i s  

6 2 s l u g - f t  , Isp = 2 8 0  s e c ,  L = 1 2 . 8  f t .  and 

The RCS f u e l  consumption r a t e  ' f o r  i n i t i a l i z a t i o n  i s  t h e n  appro- 
x ima te ly  4 l b s /day  o r  1 2 0  lbs /month .  
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4.0 EFFECT OF SPACECRAFT ASYMMETRY ON QUASI-INERTIAL MODE 

Throughout t h e  f o r e g o i n g  a n a l y s i s  o f  t h e  Q u a s i - I n e r t i a l  
The mode t h e  s p a c e c r a f t  was assumed t o  b e  symmet r i ca l  ( I  

a t t i t u d e  c o n t r o l  f u n c t i o n  t h e n  i n v o l v e d  o n l y  a r e c u r r e n t  i n i t i a -  
l i z a t i o n  o p e r a t i o n  f o r  t h e  purpose  o f  s u s t a i n i n g  t h e  mode. When 
t h e  s p a c e c r a f t  i s  n o t  symmetr ica l  ( I  
e q u a t i o n  d e s c r i b i n g ,  t h e  motion of  t h e  p r i n c i p a l  a x i s  o f  minimum 
moment o f  i n e r t i a  ( x  a x i s )  i s  mod i f i ed  s l i g h t l y .  Fur thermore  an  
a d d i t i o n a l  a t t i t u d e  c o n t r o l  r equ i r emen t  r e s u l t s ,  s i n c e  t h e  
g r a v i t y - g r a d i e n t  t o r q u e  about  t h e  x a x i s  i s  no l o n g e r  z e r o  u n l e s s  
@ = 0." I n  t h i s  s e c t i o n  t h e  m o d i f i c a t i o n  t o  t h e  d i f f e r e n t i a l  
e q u a t i o n  i s  n o t e d  and t h e  R C S  f u e l  consumption a s s o c i a t e d  w i t h  
t h e  x a x i s  c o n t r o l  r equ i r emen t  i s  e v a l u a t e d .  

= Iz). Y 

Iz), t h e  d i f f e r e n t i a l  
Y 

0 

According t o  Eqs. ( A - 1 3 )  and ( A - 2 1 )  i n  Appendix A t h e  
e x p r e s s i o n s  f o r  t h e  e q u i v a l e n t  d i s t u r b a n c e  t o r q u e  T and t h e  

d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t h e  x a x i s  motion i n  t h e  o r b i t a l  
p l a n e  are  r e s p e c t i v e l y  

dx 

t 

and 
.. 
Y = -B' s in2(Y-n)  - a ' B '  cos(Y-rl) 

Here T i s  t h e  peak g r a v i t y - g r a d i e n t  t o r q u e  about  t h e  x a x i s  
and a' i s  r e l a t ed  t o  t h e  parameter ~1 which i s  t h e  r a t i o  o f  peak 
aerodynamic t o r q u e  t o  p e a k  g r a v i t y - g r a d i e n t  t o r q u e  about  t h e  
z a x i s .  

gmx 

I n  t h e  p r e v i o u s  a n a l y s i s  i t  was conven ien t  t o  c o n s i d e r  
t h e  motion o f  t h e  s p a c e c r a f t  i n  te rms  o f  t h e  a n g u l a r  d i s p l a c e -  
ment JI from t h e  l o c a l  v e r t i c a l  where 

*This  i s  c l e a r l y  a s p e c i a l  c a s e  s i n c e  i n  g e n e r a l  t h e  out -of -  
o r b i t - p l a n e  s o l a r  p o i n t i n g  a n g l e  may b e  i n  t h e  r a n g e  -52'<@<+52O 
f o r  an  o r b i t  i n c l i n a t i o n  of  2 8 . 5 O  w i t h  r e s p e c t  t o  t h e  e q u a t o r .  
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Consequent ly  Eqs.  ( 6 9 )  and ( 7 0 )  can be  w r i t t e n  as 

and 
.. 
$ = -B1 s i n 2 $  - a l B 1  cos$  ( 7 3 )  

The l a t t e r  r e s u l t  d i f f e r s  from Eq. ( 3 6 )  i n  t h a t  t h e  c o n s t a n t s  a'  
and B' b o t h  depend on Q 0  i n  a d d i t i o n  t o  t h e  i n e r t i a  parameters 
as i n d i c a t e d  i n  Eqs. ( A - 2 1 )  t h r o u g h  (A-29). However, as a l s o  
n o t e d  i n  Appendix A ,  t h e  c o n s t a n t s  B' and a' do n o t  d i f f e r  
s i g n i f i c a n t l y  f rom t h e  c o n s t a n t s  B and a i n  Eq. ( 3 6 )  when 
Iz > I > >  I as i s  t r u e  f o r  t h e  O r b i t a l  Assembly c o n f i g u r a t i o n .  
Consequent ly  t h e  r e s u l t s  i n  Table  I1 w i l l  n o t  d i f f e r  g r e a t l y  when 
s l i g h t  s p a c e c r a f t  asymmetry i s  t a k e n  i n t o  a c c o u n t .  

Y X'  

The RCS f u e l  consumption p e r  o r b i t  a s s o c i a t e d  w i t h  t h e  
c o n t r o l  t o r q u e  requi rement  on t h e  x a x i s  can b e  c a l c u l a t e d  from 

I L  
SP 

WF = 2 ( 7 4 )  

where l T c x d t  i s  t h e  c o n t r o l  t o r q u e  impulse  produced b y  t h e  RCS 
t h r u s t e r s ,  I i s  the  s p e c i f i c  impulse  o f  t h e  RCS p r o p e l l a n t  and 
L i s  t h e  d i s t a n c e  between two RCS j e t s  f i r e d  ?s a c o u p l e .  The 
e x p r e s s i o n  f o r  Tdx i n  Eq. ( 7 2 )  i n v o l v e s  b o t h  $ and $. I n  view 
o f  Bqs. ( 3 7 ) ,  ( 4 4 )  and ( 4 9 ) ,  $ can  b e  o b t a i n e d  from 

SP 
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where 

and 

k; ( 7 9 )  

A f t e r  s u b s t i t u t i n g  Eq .  ( 7 6 )  i n t o  Eq.  ( 7 2 )  t h e  e x p r e s s i o n  f o r  Tdx 
becomes 

where 

T The r e q u i r e d  c o n t r o l  t o r q u e  impulse  o J  Tcxdt i s  t h e n  g i v e n  by 
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where JI ,  = 0 f o r  convenience and 

The t h r e e  terms i n  G i n v o l v i n g  M ( $ )  l ead  t o  e l l i p t i c  i n t e g r a l s  o f  
e i t h e r  t h e  f i rs t  o r  second k i n d ,  a l t h o u g h  n o t  i n  a s t a n d a r d  form 
u n l e s s  a = 0 .  When c1 = 0 ,  t h e  r e s u l t  i s *  

The comple te  e l l i p t i c  i n t e g r a l s  of  t h e  f i r s t  and second  k i n d s ,  
K(k') and E(kA) r e s p e c t i v e l y ,  can  b e  e v a l u a t e d  from tables** 
once  t h e  modulus kg i s  s p e c i f i e d .  F i n a l l y ,  a f t e r  s u b s t i t u t i o n  
o f  Eq. ( 8 4 )  i n t o  Eq.  ( 8 2 )  t h e  RCS f u e l  consumption p e r  o r b i t  
( w i t h  a = 0 )  can be e x p r e s s e d  as 

a 

*The l a s t  term i n  G can  b e  expanded t o  t h e  form 

**Jahnke and Emde, op .  c i t .  
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JT Tcxdt 
I L  

SP 
WF = 2 

A s  a s p e c i f i c  example t h e  RCS f u e l  r equ i r emen t  w i l l  b e  e v a l u a t e d  
for s p a c e c r a f t  asymmetry i n  t h e  o r d e r  of  (Iz - Iy)  = 0 . 1  x 1 0  6 

s l u g - f t  2 . 
I = 1 .96  x 1 0  and Ix = 0.135 x 1 0  are c o n s i d e r e d .  A s  n o t e d  
i n  T a b l e  A - 1  o f  Appendix A ,  t h e  c o n s t a n t  B' i s  v i r t u a l l y  un- 
a f f e c t e d  by  t h e  a s y m m e t r y .  
t o  t h e  v a l u e s  o f  A and ka  used  i n  c o n n e c t i o n  w i t h  T a b l e  I1 f o r  
a = 0 and Iz = I 
and k g  = 0.963 s o  that  E(kH)  (= 1 . 0 8  and K(k&) = 2.732.n 
I 
(270 NM c i r c u l a r  o r b i t )  t h e  R C S  f u e l  consumption i s  t h e n  

I n  p a r t i c u l a r  t h e  s p a c e c r a f t  i n e r t i a s  Iz = 2 . 0 6 ~ 1 0  6 , 
6 6 

Y 

Consequent ly  A '  and k; are  i d e n t i c a l  

6 2 = 2.06 x 1 0  s l u g - f t  . Thus,  (A'/kA) = 1.674 
Y 

For 
= 280 s e c . ,  L = 1 2 . 7  f t .  and w 0  = 1.11 x r a d / s e c .  

SP 

= 0.441s in2Q I l b s / o r b i t  wF 0 I 

S i n c e  t h e  f u e l  consumption v a r i e s  from day t o  day  due t o  t h e  
v a r i a t i o n  i n  @ t h e  t o t a l  f u e l  r equ i r emen t  f o r  a p a r t i c u l a r  
m i s s i o n  d u r a t i o n  s h o u l d  be based on t h e  a v e r a g e  v a l u e  o f  
l s i n 2 @  I .  **  If t h e  average  v a l u e  i s  0 . 7 5  o v e r  a 30-day m i s s i o n ,  
t h e  RCS f u e l  r equ i r emen t  f o r  x a x i s  a t t i t u d e  c o n t r o l  would b e  
approx ima te ly  150 lbs. 

I 

0' 

0 

"Jahnke and Emde, op.  c i t .  

* * A  t y p i c a l  v a r i a t i o n  i n  Q o  and ( s i n  2 Q 0 1  o v e r  one year  i s  
shown i n  Figure 1 2 .  A d e r i v a t i o n  f o r  Q0 as a f u n c t i o n  o f  t h e  o r b i t  
i n c l i n a t i o n ,  n o d a l  r e g r e s s i o n  and s e a s o n  i s  g i v e n  i n  Appendix A 
o f  t h e  t e c h n i c a l  memorandum c i t e d  i n  f o o t n o t e  *, p .  4 .  

I 
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SUMMARY AND CONCLUSIONS 

0.4  1 5 9 . 1 "  

I n  t h i s  r e p o r t  an approach  f o r  s t a b i l i z i n g  t h e  AAP 1 / 2  
c l u s t e r  c o n f i g u r a t i o n  i n  a Q u a s i - I n e r t i a l  a t t i t u d e  mode has been 
i n v e s t i g a t e d .  The a n a l y s i s  i n c l u d e s  an  e x a c t  s o l u t i o n  o f  t h e  
s p a c e c r a f t  e q u a t i o n s  o f  motion, a n  e v a l u a t i o n  o f  t y p i c a l  i n i t i a -  
l i z a t i o n  r e q u i r e m e n t s  f o r  t h e  mode and f i n a l l y  an  es t imate  o f  
t h e  RCS f u e l  r equ i r emen t s  i n c l u d i n g  t h e  e f f e c t  o f  s p a c e c r a f t  
a symmet ry  . 

0.79 

I n  t he  Q u a s i - I n e r t i a l  mode t h e  s p a c e c r a f t  p r i n c i p a l  
a x i s  of  minimum moment o f  i n e r t i a  ( x  a x i s )  o s c i l l a t e s  i n  t h e  
o r b i t a l  p l a n e  about  an o r i e n t a t i o n  normal  t o  t h e  sun  l i n e .  The 
r e s u l t s  of t h i s  s t u d y  i n d i c a t e  t h a t  t h e  maximum d e v i a t i o n  ( A Y , )  

o f  t h e  x a x i s  f rom t h e  normal v a r i e s  between approx ima te ly  18" 
and 60"  f o r  t h e  AAP 1 / 2  c l u s t e r  c o n f i g u r a t i o n  depending  on t h e  
r a t i o  ( a )  between t h e  peak aerodynamic t o r q u e  and peak g r a v i t y -  
g r a d i e n t  t o r q u e .  Due t o  t h i s  d e v i a t i o n  f i x e d  s o l a r  p a n e l s  w i l l  
o p e r a t e  a t  l e s s  t h a n  1 0 0 %  e f f i c i e n c y ,  s p e c i f i c a l l y  
I c o s A W )  l a v e .  x 1 0 0 % .  A t a b u l a t i o n  o f  ' I cosAY( t )  l a v e ,  f rom t h e  

cu rves  o f  A Y ( t )  i n  F i g u r e  9 o v e r  t h e  i n t e r v a l  ( T / 4  < t < 3T/4) 
i s  g i v e n  i n  T a b l e  111. Since  i t  i s  p o s s i b l e  by  a p p r o p r y a t e  i n -  
i t i a l i z a t i o n  t o  a c h i e v e  t h i s  ha l f  o r b i t  on t h e  l i g h t  s i d e ,  t h e  
r e s u l t s  i n  T a b l e  I11 i n d i c a t e  t ha t  t h e  drop  i n  e f f i c i e n c y  i s  
on ly  2 1 %  f o r  t he  maximum va lue  o f  a c o n s i d e r e d  and t h i s  d e c r e a s e s  
s h a r p l y  as a + 0 .  

TABLE I11 - Summary o f  S o l a r  P a n e l  E f f i c i e n c y  
F a c t o r s  i n  Q u a s i - I n e r t i a l  Mode 

0.12 1 38.0" I 0 969 

The RCS f u e l  r equ i r emen t s  f o r  t h e  Q u a s i - I n e r t i a l  mode 
are a s s o c i a t e d  w i t h  p e r i o d i c  i n i t i a l i z a t i o n  o p e r a t i o n s  and roll 
c o n t r o l  about  t h e  x a x i s  due t o  s p a c e c r a f t  asymmetry.  The 
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r e s u l t s  o f  t h i s  s t u d y  i n d i c a t e  t h a t  an  RCS f u e l  r equ i r emen t  of 
300  lbs./mo. o r  l e s s  appea r s  p o s s i b l e .  T h i s  i s  t o  b e  compared 
w i t h  5800 lbs./mo. f o r  a t r u e  i n e r t i a l  a t t i t u d e  h o l d  o f  t h e  
AAP 1 / 2  c l u s t e r  c o n f i g u r a t i o n .  * 

I n  summary, t h e  Q u a s i - I n e r t i a l  approach  o f f e r s  t h e  
p o s s i b i l i t y  o f  o b t a i n i n g  n e a r l y  maximum e f f i c i e n c y  from f i x e d  
s o l a r  p a n e l s  w i t h  r e l a t i v e l y  low RCS f u e l  consumption.  
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Attachment 
Appendices A and B 

*See Appendix B i n  r e f e r e n c e  c i t e d  i n  f o o t n o t e  *, page 4 .  
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A P P E N D I X  A 

S p a c e c r a f t  A t t i t u d e  - Equa t ions  o f  Motion 

The purpose  o f  t h i s  Appendix i s  t o  o b t a i n  t h e  d i f f e r -  
e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  motion o f  t h e  s p a c e c r a f t  w i t h  
t h e  p r i n c i p a l  ax ig  o f  minimum moment o f  i n e r t i a  i n  t h e  o r b i t a l  
p l a n e .  From Newton's second law f o r  r o t a t i o n a l  motion t h e  b a s i c  
e q u a t i o n  d e s c r i b i n g  t h e  a t t i t u d e  b e h a v i o r  o f  t h e  s p a c e c r a f t  i s  

T h i s  e q u a t i o n  e x p r e s s e s  t h e  r a t e  o f  change of  a n g u l a r  momentum 
i n  terms o f  w t h e  s p a c e c r a f t  a n g u l a r  v e l o c i t y  w i t h  r e s p e c t  t o  
an  i n e r t i a l  r e f e r e n c e  c o o r d i n a t e  sys t em,  I t h e  s p a c e c r a f t  i n e r -  
t i a  t e n s o r ,  t h e  d i s t u r b a n c e  t o r q u e  ED ( g r a v i t y - g r a d i e n t  and 
aerodynamic t o r q u e )  and a c o n t r o l  t o r q u e  T . 

-C 
A s  shown i n  

F i g u r e  A - 1  t h e  s p a c e c r a f t  p r i n c i p a l  axes  ( x y z )  are r e l a t e d  t o  
an  i n e r t i a l  c o o r d i n a t e  sys tem ( X Y Z )  b y  t h e  E u l e r  r o t a t i o n  s e -  
quence ( Y , e , Q ) .  The x a x i s  i s  assumed t o  be t h e  p r i n c i p a l  a x i s  
o f  minimum moment of i n e r t i a  and t h e  l o c a l  v e r t i c a l  p o s i t i o n  o f  
t h e  s p a c e c r a f t  i n  o r b i t  i s  d e f i n e d  by t h e  a n g l e  17. 

I n  view of  F igu re  A - 1  i t  f o l l o w s  t h a t  

L 

S i n c e  t h e  p r i n c i p a l  a x i s  i n e r t i a  t e n s o r  i s  g iven  by  

0 0 
I X  

I =[: ;Y ; ] 
Z 

( A - 3 )  I 
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Appendix A 

AERODYNWI C TDRQUE GRAVITY GRAOl ENT TORQUE 

= FD. ' cp  

D 

E 

= s i n @ c o s  (@- 7) - cor 9 s i n  6 r i n  ( # - V )  

= cor@cos ( # - V )  + s i n @  r i n  8 s i n  (W-7) 

s i n  Y = Vi - cos2 e r i n 2  (W- V )  

Y = ANGLE OF ATTACK 

F,, = &PVO2 C,,A, = PEAK DRAG FORCE 

= DISPLACEMENT OF CP FROM CG ALONG X AXIS 'CP 

X,Y,Z - INERTIAL AXES 

x , y , z - SPACECRAFT PR I NC I PAL 
AXES 

4 t '  

*,e,+ - EULER ANQLE SEQUENCE 

FIQURE A - I  - 

I 
Y 

SPACECRAFT ATTITUDE WITH RESPECT TO INERTIAL 
GRAVITY GRADIENT L AERODYNAMIC TORQUE 

REFERENCE: 
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Equa t ion  ( A - 1 )  can b e  w r i t t e n  as 

The g r a v i t y - g r a d i e n t  and aerodynamic t o r q u e s  e x p r e s s e d  i n  space-  
c r a f t  p r i n c i p a l  a x i s  c o o r d i n a t e s  are s t a t ed  i n  F i g u r e  A - l . *  

A g e n e r a l  c l o s e d  form s o l u t i o n  o f  E q .  ( A - 4 )  f o r  a rb i -  
t r a r y  i n i t i a l  c o n d i t i o n s  i s  p r e s e n t l y  unknown. I n  c e r t a i n  
cases however, an  a n a l y t i c a l  s o l u t i o n  i s  p o s s i b l e .  One such  
c a s e  i n v o l v e s  t h e  f r e e  motion ( T  = 0 )  o f  a symmet r i ca l  space -  
c r a f t  ( Iz = I ) w i t h  t h e  x a x i s  i n  t h e  o r b i t a l  p l a n e .  
d i f f e r e n t i a l  e q u a t i o n s  f o r  t h i s  c o n d i t i o n  can  b e  o b t a i n e d  from 
Eq. ( A - 4 )  a f t e r  s u b s t i t u t i n g  E q .  ( A - 2 )  and t h e  e x p r e s s i o n s  f o r  
t h e  g r a v i t y - g r a d i e n t  and aerodynamic t o r q u e s  g i v e n  i n  F i g u r e  
( A - 1 ) .  A f t e r  some man ipu la t ion  t h e  r e s u l t  i s  

-C 
The 

Y 

(A-5) 
L J 

~~i + [I,; s i n e  + ~ ~ ( i  - i s i n e l l i  cose  = -T s i n 2 0  cos  2 ( ~ - 0 )  
g m  

+ Tamlsinyls. ine s in (w-0)  ( A - 6 )  

ana  

- ~ ~ ~ l s i n y l c o s ( ~ - ~ )  ( A - 7 )  

*The aerodynamic t o r q u e  g i v e n  i n  F i g u r e  A - 1  i s  based on t h e  
assumpt ion  t h a t  t h e  c e n t e r  of  p r e s s u r e  l i e s  a l o n g  t h e  x a x i s  and 
t h a t  t h e  a i r f l o w  a l o n g  t h e  s p a c e c r a f t  has n e g l i g i b l e  t o r q u e  pro-  
d u c i n g  e f f e c t .  
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I 
8 
I 
1 
8 
8 
8 
I 
8 
I 
1 
I 
8 
8 
8 

where 

s i n y  = h - cos  2 e s i n  2 ( Y - ~ I  

and 

( A - 8 )  

( A - 9 )  

i s  t h e  peak g r a v i t y - g r a d i e n t  t o r q u e  and Tam i s  t h e  peak a e r o -  
dynamic t o r q u e .  

It f o l l o w s  from E q s .  ( A - 5 )  and ( A - 6 )  t h a t  t h e  i n i t i a l  
c o n d i t i o n s  6 = i = 0 and e = 0 l e a d  t o  t h e  r e s u l t  t h a t  
0 = e = 0 f o r  a l l  t '> 0 .  Consequent ly  a s o l u t i o n  f o r  Eqs. ( A - 5 )  
and Eq. ( A - 6 )  i s  e ( t )  = 0 and @ ( t )  = c o n s t a n t .  A s  a r e s u l t  Eq. 
( A - 7 )  becomes 

.. .. 0 0 0 

.. 
I Z y  = -T s i n 2 ( ~ - ~ )  - Tarnlcos(y-q)  I c o s ( Y - ~ )  (A-10)  gm 

S i n c e  e ( t )  = 0 ,  t h e  s p a c e c r a f t  a x i s  remains  i n  t h e  o r b i t  p l a n e  
and i t s  motion i s  d e s c r i b e d  b y  Eq. ( A - 1 0 ) .  I n  u s i n g  t h i s  r e s u l t  
f o r  t h e  a n a l y s i s  o f  t h e  q u a s i - i n e r t i a l  mode t h e  approx ima t ion  
( ~ / T ) c o s ( Y - Q )  i s  made f o r  t h e  t e rm ~ c o s ( Y - ~ ) ~ c o s ( Y - ~ ) . *  Then 
Eq. (A-10) becomes 

where aT = 2T / T  i s  t h e  e q u i v a l e n t  peak aerodynamic t o r q u e  
e x p r e s s e d  as a f r a c t i o n  of t h e  peak g r a v i t y - g r a d i e n t  t o r q u e  
T 

g m  am 

gm' 

*The f a c t o r  2/7r c o r r e c t s  f o r  t h e  d i f f e r e n c e  i n  area unde r  
t h e  c u r v e s  of  cos(Y-n) and ~ c o s ( Y - n ) ~ c o s ( Y - n )  o v e r  any q u a r t e r  
p e r i o d .  

I 
I 



BELLCOMM, 1NC. 

Appendix A 

- 5 -  

When t h e  s p a c e c r a f t  i s  n o t  symmet r i ca l  (Iz 4 I ) ,  t h e  

f r e e  s o l u t i o n s ,  e ( t )  = 0 and @ ( t )  = CP = c o n s t a n t ,  cannot  o c c u r  
u n l e s s  Q~ = 0 .  T h i s  i s  n e c e s s a r y  s i n c e  t h e  component of  g r a v i t y -  
g r a d i e n t  t o r q u e  T a c t i n g  on t h e  x axis  would no l o n g e r  be z e r o ,  
as was t h e  c a s e  i n  Eq. ( A - 5 ) .  Fo r  t h e  e x i s t e n c e  o f  a mode where- 
i n  Q( t )  = 

v e l o c i t y  - w a c c o r d i n g  t o  Eq. ( A - 2 )  must be 

Y 
0 

gx 

= c o n s t a n t  and O ( t )  = 0 ,  t h e  c o r r e s p o n d i n g  a n g u l a r  
@O 

( A - 1 2 )  

I n  view o f  Eqs.  ( A - 4 ) ,  ( A - 1 2 )  and t h e  t o r q u e  e x p r e s s i o n s  i n  
F i g u r ?  ( A - 1 )  t h e  e q u i v a l e n t  t o r q u e  t o  b e  c o u n t e r a c t e d ,  such  t h a t  
w = CP = O,* i s  g i v e n  by X 

= ( I z - I ) ~ ~  - T  
Tdx Y Y Z  gx 

*For s p a c e c r a f t  as l a r g e  as t h e  O r b i t a l  Assembly 
6 6 2 ( Iz  = 2.0 x 10 , Ix = 0 . 1 5  x 10 s l u g / f t  ) ,  t h e  maximum a n g u l a r  

r a t e  w i t h  minimum impu l se  RCS c o n t r o l  i n  limit c y c l e  o p e r a t i o n  
i s  a d e q u a t e l y  low, bu t  not z e r o .  The maximum r a t e  i s  g i v e n  by** 

im =[lAtmin Tcdt]/21x 

For the  Apol lo  CSM, l T c d t  a 1 0  f t . l b . s e c . ,  s o  t h a t  Qm % 0.002 
deg/sec ,  which i s  w e l l  below t h e  range  o f  I and w t o  be en- 
c o u n t e r e d  here .  0 

**See V. E .  Haloulakos ,  "Thrus t  and Impulse Requirements  f o r  
J e t  A t t i t u d e  C o n t r o l  Systems",  J o u r n a l  o f  S p a c e c r a f t ,  V o l .  1, 
J a n u a r y ,  1 9 6 4 ,  pp.  84-90. 
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where 

i s  t h e  peak g r a v i t y - g r a d i e n t  t o r q u e  about  t h e  x a x i s .  The 
d i f f e r e n t i a l  e q u a t i o n  f o r  Y f o l l o w s  from 

I ;  = ~ y s i n @ ~ = ~  .. t~ 

Y Y  Y gY aY 

and 

.. 
Taz I Z W Z  Z gz 

= I y c o s Q 0  = T 

( A - 1 5 )  

( A - 1 6 )  

which y i e l d  

.. 
Y = w c o s @  t w s i n Q o  

Z 0 Y 

T T T 
0 

= ( I  JL ’) c o s @  + (1 JZ ) sin@ . t ( + ) s i n @  ( A - 1 7 )  
Y Y z 

S u b s t i t u t i o n  from F i g u r e  ( A - 1 )  f o r  t h e  t o r q u e  e x p r e s s i o n s  y i e l d s  

2 
( A - 1 8 )  

cos  Q 0  

I t a m  Y 

where T i s  t h e  peak aerodynamic t o r q u e  and  am 

( A - 1 9 )  
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and 

(A-20)  

are t h e  peak g r a v i t y - g r a d i e n t  t o r q u e s  on t h e  z and y axes r e spec -  
t i v e l y .  T h i s  r e s u l t  can b e  r educed  t o  a form s imilar  t o  Eq. 
( A - 1 1 )  w i t h  t h e  approximat ion  ( 2 / 1 ~ ) c o s ( Y - n )  f o r  t h e  term 
Icos(Y-n)lcos(Y-n).* This  y i e l d s  

.. 
Y = - B' s i n  2 ( ~ - n )  - a ' B '  cos ( " -n )  (A-21)  

where 

B '  = (3w2/2)kk 0 (1 t A )  ( A - 2 2 )  

and 

a' = a(l t A ) / ( l  t A )  (A-23) 

The c o n s t a n t s  B '  and a '  are r e l a t e d  t o  Q o  and t h e  moments o f  
i n e r t i a  as f o l l o w s  

( A - 2 4 )  A = (,, - 1 ) s i n  2 
0 

2 A = k '  s i n  o 0  
Y Z  

(A-25) 

p = k'/kL ( A - 2 6 )  
Y 

k '  = (Iz - Ix)/Iy 
Y 

*See f o o t n o t e  on page 4 ,  Appendix A .  

(A-27)  

(A-28) 
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I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
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I 
I 
I 
I 
I 
I 
I 

I L  = I 
I D  

2.06 xI0' 

2.06 xI0' 

0.135x10' 

0.935 

0.935 

0 

I .o 

0 

0 

I .o 

0. W5 
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I t> 1 )>>I  , 

2.06 xI06 

1.96 xI0' 

0.135x10~ 

0.962 

0.886 

0.051 

1.110 

0. a5 

0.0275 

0. err 

0.93Y 

- 8 -  

and f i n a l l y  

k '  = ( Iz  - Iy)/Iy ( A - 2 9 )  
Y Z  

O ,  k;z = O and 
F o r  Iz  = I 
A = 0 s o  t h a t  a' = a and B '  - 
t e n t  w i t h  E q .  ( A - 1 1 ) .  

i t  f o l l o w s  t h a t  kh = k '  p = 1, A = 
= T /I which i s  c o n s i s -  

Y Y '  
- Tgmz/lz gm z 

When t h e  s p a c e c r a f t  asymmetry  i s  n o t  l a r g e  t h e  pa ra -  
meters B '  and a' w i l l  n o t  d i f f e r  g r e a t l y  f rom t h e  symmet r i ca l  
c a s e  ( Iz  = Iy ) .  An i n d i c a t i o n  o f  t h e  v a r i a t i o n  i n  t h e  p a r a -  
meters B '  and a' due t o  s p a c e c r a f t  a s y m m e t r y  i s  shown i n  T a b l e  
A - 1  where t h e  p a r a m e t e r s  f o r  two a symmet r i ca l  c o n f i g u r a t i o n s  
I 

symmet r i ca l  c o n f i g u r a t i o n s ,  Iz = I > >  I and Iz = I > Ix r e -  
s p e c t i v e l y .  
c a t e  t h a t  t h e  e f f e c t  o f  s l i g h t  s p a c e c r a f t  a symmet ry  i s  t o  d e c r e a s e  
a' somewhat whereas B 1  remains v i r t u a l l y  unchanged. 

> I > >  Ix and Iz > I > Ix3 are compared w i t h  t h o s e  f o r  two 
Z Y Y 

Y X Y 
I n  each  c a s e  Q o  = 4 5 O  i s  assumed. The r e s u l t s  i n d i -  

TABLE A-I - EFFECT OF SPACECRAFT ASYWE'TRY 
011,PARAMETERS I)' AID a) 

PARAMETERS 

* I ,  

' I ,  

' 1, 

k; 

k: 

k; 1 

c 

A 

A 

I L  = I 

2.obxlO' 

2. obx IO' 

0.5Q IO6 

0.757 

0.757 

0 

I .o 

0 

0 

I .o 

0.767 

2.06xlO' 

I .  56x IO6 

0 . 5 6 ~ 1 0 ~  

0.961 

0.485 

0.32 

1.98 

0 . w  

0.16 

0.76 

0.723 
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APPENDIX B 

Reduct ion  o f  E l l i p t i c  I n t e g r a l  t o  Normal Form 

The normal  form f o r  t he  e l l i p t i c  i n t e g r a l  o f  t h e  f i r s t  
k i n d  i s  

B 
da  

/l - ke s i n  2 2 ,  

An e q u i v a l e n t  e x p r e s s i o n  f o r  t h e  i n t e g r a l  w i t h  t h e  r a d i c a l  i n  
po lynomia l  form can  b e  o b t a i n e d  b y  d e f i n i n g  

where 

= cosu du = d o  
d Z  

S u b s t i t u t i o n  i n t o  Eq. (B-1) y i e l d s  

where 

and z1 = s i n  B .  



BELLC-OMM, INC. - 2 -  

Appendix B 

The i n t e g r a l  

i s  a l s o  a n  e l l i p t i c  i n t e g r a l  o f  t h e  f i r s t  k i n d  a l t h o u g h  n o t  i n  
normal  form u n l e s s  a = 0 .  An e q u i v a l e n t  e x p r e s s i o n  w i t h  t h e  
r a d i c a l  i n  polynomia l  form f o l l o w s  a f t e r  d e f i n i n g  

y = s i n $  

where 

dy = cos$ d$ = f l  d$ 

S u b s t i t u t i o n  i n t o  Eq. (B-6) y i e l d s  

(B-7 )  

where 

= (1 - y 2 ) [ l / k a  2 - ( y  + a / 2 )  2 1 
P(Y 1 

The problem here i s  t h a t  the r o o t s  o f  P ( y )  do n o t  form a symmet- 
r i c a l  p a t t e r n  abou t  t h e  o r i g i n ,  s i n c e  al - a4. 
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The e l l i p t i c  i n t e g r a l  i n  terms o f  . P ( y )  can be reduced  
t o  t h e  normal  form i n  terms o f  R ( z )  by u s i n g  t h e  b i l i n e a r  t r a n s -  
f o r m a t i o n .  

z = D h  + A  

w 

I n  terms o f  y t h e  t r a n s f o r m a t i o n  i s  

AD - BZ 
Z - D  Y =  

where 

(B-11) 

(B-12) 

The o b j e c t i v e  here  i s  t o  t r a n s f o r m  t h e  r o o t s  o f  P ( y )  i n  o r d e r  t o  
o b t a i n  a symmet r i ca l  d e s t r i b u t i o n  about  t h e  o r i g i n  as i n  E q .  
( B - 5 )  f o r  R ( z ) .  S u b s t i t u t i o n  o f  Eq.  ( B - 1 1 )  i n t o  Eq.  ( B - 1 0 )  
y i e l d s  

where 

al + A 

A + 1  + A  
z3 = 1:; + B)= ( B  + 1) 

+ A  
z4 = (&) 

(B-16)  

i (B-17)  

(B-18) 
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and 

( z  - D ) '  

where a2 

D 4 ( l  - z/D)' 

3 '  1 = - a  

I n  o r d e r  t o  o b t a i n  t h e  normal form i n d i c a t e d  i n  Eq. 
(B-5)  i t  i s  n e c e s s a r y  t ha t  z 2  = - 1, z3 = t 1 and 
z 
B = D and AD = 1. 

= - l / k e  = - 24. The f i r s t  two c o n d i t i o n s  are s a t i s f i e d  by  1 

The t h i r d  c o n d i t i o n  r e q u i r e s  t h a t  

- D a 4 + 1  D a l + l  
(B-20)  1 Z - - -  - - -  l / ke  = 24 - a4 + D al + D 

or 

+ a4)D 2 t 2 ( 1 t  ala4)D t (al + a 4 )  = 0 (B-21)  
(al 

S o l u t i o n  f o r  D y i e l d s  

An a l t e r n a t e  form f o r  t h i s  r e s u l t  i s  o b t a i n e d  by  d e f i n i n g  

I 
n = J - (1  t a,)(a4 + 1)' 
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11 

n = J ( 1  - a,)(a4 - 1)' 

s o  tha t  

- 5 -  

Thus,  t h e  t r a n s f o r m a t i o n  i n  Eq. ( B - 1 1 )  can be w r i t t e n  as 

Dy + DA - Dy + 1 - y + n  - - y + D  1 + ny Y + D  
z =  

( B - 2 4 )  

(B-26)  

S u b s t i t u t i o n  o f  t h e  r e s u l t s  i n  Eqs. ( B - l 3 ) ,  ( B - 1 4 ) ,  
( B - 1 9 )  and ( B - 2 6 )  i n t o  Eq. (B-9 )  leads t o  t h e  f o l l o w i n g  r e l a t i o n -  
s h i p  f o r  t h e  e l l i p t i c  i n t e g r a l  ana logous  t o  t h e  form i n  Eq. ( B - 4 )  

where 

Y ,  + n 
(B-28) 

an d 

J ( B  - 1 ) ( B  + l)(a, + B)(a4 + SI 
m =  D ( B  - A)ke 

s i n c e  D = l / n  = g and A = 1/D = n.  
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I n  view o f  E q s .  (B-20)  and (B-25)  i t  f o l l o w s  t h a t  

1 t na4 1 + rial 
ke - a4 + n al + n 

- - -  - 

so  t h a t  

An a l t e r n a t e  form f o r  ke and m can  b e  o b t a i n e d  by d e f i n i n g  

S u b s t i t u t i o n  f o r  n from E q s .  ( 2 3 ) ,  ( 2 4 )  and ( 2 5 )  and f u r t h e r  
m a n i p u l a t i o n  y i e l d s  

and 

m f  t mrf 
2 m =  (B-35)  

I n  summary, t h e  e l l i p t i c  i n t e g r a l  i n  E q .  (B-6)  can  be 
w r i t t e n  i n  normal  form ( w i t h  a r b i t r a r y  l i m i t s )  as 

d$ da 

2' - ke 2 s i n  2 '  u - k:(sin$ + a / 2 )  
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w i t h  t h e  v a r i a b l e s  J, and u r e l a t e d  by Eqs. ( B - 2 ,  ( B - 7 )  and 
(B-26)  s o  t h a t *  

s i n $  t n 
1 t n s i n $  s i n u  = ( B - 3 7 )  

The p a r a m e t e r s  m, ke and n can b e  e x p r e s s e d  i n  terms 
of ka and a a f t e r  s u b s t i t u t i n g  al and a4 from E q .  (B-10) i n t o  
E q s .  ( B - 2 3 ) ,  (€3-241, (B-32)  and (B-33).  The r e s u l t i n g  expres -  
s i o n s  

n 1  = h - (1 - a / 2 )  ka 2'/ ka 

nr r  = - (1 t a / 2 )  ka 2Y ka 

m 1  = hl t ka)  2 - (ka  ~ / 2 ) ~ % ~  

and 

can t h e n  be  used  t o  e v a l u a t e  m,  ke and n g i v e n  by  * 

m1 t mn 
2 m =  

and 

( B - 4 1 )  

( B - 4 2 )  

( B - 4 4 )  

*The form o f  these r e s u l t s  i s  i d e n t i c a l  t o  t h a t  g i v e n  by 
J .  H o i e l ,  R e c u i l  de Formules e t  de T a b l e s  Numeriques, Gau th ie r -  
V i l l a r s ,  Pa r i s ,  1 9 0 1 ,  pp.  53,  5 4 .  
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